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A new mathematical approach to chemical kineties which takes into account inherently
random aspects of mechanisms of action is applied to the Michaelis-Menten hypothesis.
The stochastic difference-differential equation which defines a stochastic model for the
basic enzyme-substrate reaction is obtained. The probability parameters of the process,
which correspond to the ordinary rate constants of the classical equations, are introduced
both aziomatically, following the general mathematical theory, and by means of collision
theory. The stochastic Markovian equation gives the rate of change of the probability
function of the concentrations of substrate and enzyme-substrate complex; it parallels
the system of ordinary differential equations of the classical mathematical model. The
classical and stochastic theories are compared in terms of these equations: it is shown
that the determinsstic differential equations may be obtained from the stochastic model
by a process of averaging. Thus, the new approach provides a more comprehensive
mathematical framework. The stochastic theory predicts randomness, whereas the
deterministic theory must add experimental error terms to the basic equations in order
to accomodate the random irregularities actually observed in kinetic data. Accord-
ingly, two different types of irreproductbility must be distinguished: experimental and
inherent. The latter is characterized by the stochastic model presented in this paper,
which brings kinetics into closer relation with the statistical (thermodynamic) treatments

of the equilibrium state.

1. INTRODUCTION

During the past 10 years! a variety of chemical
reaction mechanisms have been examined from the
probabilistic point of view of the theory of stochas-
tic processes. The emergent ‘‘stochastic models”
for various reaction types suggest a general “statis-
tical kinetics” (Bartholomay, 1957). In this paper
the new approach will be related to enzyme kinetics.

2. GENERAL AIMS OF THE STOCHASTIC
ApproacH TO CHEMICAL KINETICS

The change in approach which the statistical, or
stochastic, treatment of kinetics represents relative
to the classical deterministic kinetics may be lik-
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1 See bibliography at end of chapter 8 in Bharucha-Reid
(1960).

ened to the relationship of statistical mechanics to
classical physical mechanics. Whereas classical
kinetics has encouraged the conception of the
kinetics of a reaction process as the transformation
of chemical substances <n bulk, concentrations
forming the units of continuous transformation,
the statistical approach grows out of the explicit
treatment of these same transformations as com-
positions of individual molecules and discrete inter-
and intramolecular events. The large numbers of
such individual molecular events are of course sub-
sumed in the classical treatment and find a place
in the ‘“rate constants,” but the emergent rate
equations have only a deterministic context—which
excludes the possibility of random fluctuations and
cannot, therefore, be directly decomposed into the
contributing random events. On the other hand,
starting with the more fundamental principles of
stochastic models one may pass by averaging proc-
esses to the traditional treatment, which there-
fore finds a place in the new theory in the sense of a
central tendency, around which statistical fluctua-



224 ANTHONY F. BARTHOLOMAY

tions are explicitly permitted and their quantities
determined.

Statistical analyses of kinetic data based on the
usual deterministic kinetics can be justified only on
the assumption that the smooth time courses
prescribed by analytic (i.e., nonstochastic) con-
centration-time functions have, in practice, added
to them a random variable resulting from the
Gaussian laws of errors generally assumed to be
operant in all experimental determinations. It is
only in this empirical manner that a given kinetic
time course can be considered as a statistical entity
on which the usual regression methods may be
tried. But this in itself reflects an inhomogeneity
in approach. Whereas certain considerations of
probability are made in deriving the dependency
of rate constants on physical parameters and en-
vironmental factors, the results are incorporated
into the same deterministic rate equation which
can be derived directly from the law of mass action
(Bartholomay, 1960a).

Thus, the deterministic method implies that if
all conditions are held constant, smooth curves are
predicted. On the other hand, the appearance of
fluctuations in most kinetic data requires a statisti-
cal explanation. To account for this, experimental
variation has usually been invoked. The sto-
chastic approach questions the absolute validity of
this procedure, since it is able to show that, starting
with the same statistical principles which are in-
voked to explain the vagaries of rate constants,
random fluctuation is the rule. Independent exper-
imental variations are assumed to be imposed on
the intrinsic fluctuations predicted in the sto-
chastic models. Hence, according to the stochastic
approach, even in the total absence of experimental
irregularities a concentration-time course has an
independent existence as a statistical entity.

It must be allowed that in many cases of simple
reaction mechanisms the amount of inherent
variability would be small and unresponsive to
techniques and measuring apparatus that lack the
necessary resolving power. On the other hand,
the existence of macroscopic fluctuations (in cer-
tain so-called “‘irreproducible’’ reactions) has been
documented by experiment (Singer, 1953). The
sources of randomness in dealing with discrete
molecular events may be found in the Brownian-
like motions of the reactant molecules, in the ran-
dom intermolecular collisions, and in the accom-
panying intramolecular “random walks” from one
discrete quantum energy level to another.

Before we proceed with the stochastic treatment,
a brief resumé will be given of the general problem
of classical deterministic kinetics.

3. CrassicarL DETeErMINIsTIC KINETICS

Let a very general reaction mechanism be de-
scribable stoichiometrically by the following system
of chemical equations®:

2 See Bartholomay (1960b) for a2 new mathematical
representation of chemical equations and Bartholomay
(1957) for a more detailed treatment of the material of this
and the subsequent section.
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where (i = 1,2,...,N) and where the subscripts
on the rate constants & and the superscripts to the
left of the integral a- and b- coefficients and of the
chemical A- and B- species identify the ¢th (reversi-
ble) reaction type.

By the deterministic model for the kinetics of this
reaction is understoo\d a system of differential

equations, at most Y, (r -+ &) in number, one
i=1

corresponding to cach of the product and reactant-
species. In each equation the time derivative of
one of these concentrations appears on the left,
and a function of this and, possibly, of all other
concentration-variables and of the parameters k
and of time, ¢, on the right. Since this system of
equations is not necessarily an independent system,
owing to interrelationships between the variables,
it may be expressed usually in terms of a fewer
number, say R, of these equations. Tor conveni-
ence, then, referring to the resulting ‘‘canonical”
reactant- and product-concentration variables sim-
ply as Ay, A, ...,4,, ... Ag, the deterministic
model may be represented in canonical form as:

‘ d :17’

Yo iy An kol
7 Tt f’(‘llwliw : 'yA.T)- AR R

{
(r=12,..,R) (2)

(together with appropriate initial and “material
balance” conditions [Bartholomay, 1960a]) where
k represents the set of all rate constants appearing
in the reduced system and in which A4,,...,Ap are
assumed to be analytical functions of time.

These equations are obtained generally by in-
voking the law of mass action principle, and the
constants & are understood to be specified in accord
with collision-theoretic or absolute-rate-theoretic
principles. The integral solutions of these equa-
tions, when they can be obtained, lead to ordinary
{nonstochastic) analytic functions of time for each
of the concentration random variables, The final
form of the deterministic model would therefore

N
consist of a set of >_ (r; + &) time functions which

i =
assign precise values to all of the concentration
variables as functions of time; 4.e.,

(D] = Dep() (v = 1,2, ,N)(5s = 1,2,.. .7} (3)
[OBy] = Dyr(d) (0 = 1,2,..,V) (ks = 1,2,...,8:) (4)

Thus, once initial conditions are settled, the -
and y- time functions allow the prediction of the
concentration values of all reactants and products
at any time, ¢, subsequent to the initiation of the
reaction process, In practice, the possibility of
fluctuations due to experimental error is allowed
for by the addition of a random error variable, say
We;; to equation (3) and W8, to equation (4). It is
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generally assumed that these are normally distrib-
uted variates and the fit of data to a proposed
mechanism is assigned statistical significance rela-
tive to the distributioris of the ¢ and § terms.

4. Tue CORRESPONDING STOCHASTIC
VARIABLES AND EQUATIONS

The stochastic model for the general reaction
mechanism (1), which represents a generalization of
those already developed for a variety of reaction
types, assumes that corresponding to each reactant
species WAj; is a discrete random rvariable, say
®my;, which has only a finite number of integral
states. These allowable states range over the set of
positive integersincluded between 0 and the maximal
integral value (my;)e. A ‘‘state” is defined as
the number of molecules present per constant
volume of reaction mixture. Thus the random
variable associated with ©A;; has the allowable
values

Omp = 0,1,2,3. .., (Pmi G = 1,2,3,...,N) (5)
_Similarly, associated with the “product”-species
® By, is a discrete-integral valued random variable

@4, where

Ongy = 0,1,2,3;< cy ((i)nki)O; (=123, "‘\v> (6)
where now (“Yn4;),is the maximally attainable value
for that species.

The random variables are determined by the
relative probabilities which at a given instant, ¢,
may be assigned to all possible values. Thus,
corresponding to the random variable ““my;, the
calculation of the probability function p(“POmy;, t) is
required, where

P (DOmyiy £) = {P(O;t);P(l,t)yp(ny)y- -
(@mjid

(where Z

z =0

P (Ompet)y (1)

p (x,t) = 1forallt), (8)

gives the probability of each of the possible values
in (5) as a function of time. Similar expressions
corresponding to the n's are required.

The complete specification of the stochastic
model, however, calls for even more than the
probability functions p (““my;, ) and p (“Ong, 1).
It requires a knowledge of the interdependence of
all random variables as expressed by the multivariate
joint-probability density function.

For simplicity, in the remainder of the diécussion

it will be assumed that this large number Y. (r; +
i=1

si) = » of random variables have been renamed

N1Me, . . ., Nw. In these terms the stochastic proc-

ess 1s completely defined if the joint-probability

function

(9)

is, in prineiple, determinable, where p is a vector
quantity whose components are all the “probability
parameters” (vide infra) of the process.

As in the Chapman-Kolmogorov equations of

p (ny, na, .. 0y ;0
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Markovian processes (Doob, 1953; Bartholomay,

1957, 1958, 1959; Bharucha-Reid, 1960), the
probability distribution (9) is not obtainable
directly. It is subsumed as the solution of a

stochastic difference-differential equation:

0
a p (nl,n«g,, RFT 7 ' t) = f (nl:n?y- c Ty Wy t) (10)

where f is a polynomial function. By the stochastic
model of the reaction process is meant either the
difference-differential, equation (10), or its solu-
tion, as in expression (9). Thus, if either the
deterministic or the stochastic theory is applied,
time derivatives carry the specification of the
kinetics. Comparison of equation (10) with equa-
tion (2) emphasizes that the deterministic theory
is concerned with the rate of change of concentra-
tion; the stochastic theory, with rate of change of
the probabilities of these concentrations; 7.e., with
the flow of probabilities in the reaction time course.

5. Basic PRoBABILITY AxIoMs OF CONSTRUCTION

In order to obtain the distribution function, or
at least its stochastic difference-differential equa-
tion, the following axioms already have been shown
to lead to stochastic models which are “consistent
in the mean” (Bartholomay 1957, 1958, 1959, 1961)
relative to the corresponding deterministic equa-
tions (2), or (3) and (4). A specific illustration of
the meaning of this criterion will be given in the
sequel. The satisfaction of this criterion makes it
highly likely that kinetic data which support a
proposed mechanism formulated in deterministic
terms will support the stochastic formulation as
well, and vice versa.

A-1.—With any possible combination of different
molecules in proportions specified by the stoichio-
metric coefficients on one side of a given step of the
total system (1), a priori there is associated a (con-
stant) probability parameter, say p;,. This is an
intrinsic and invariant characteristic of the reaction
mechanism, and is the same for all such molecular
combinations that can be formed at any time ¢.
The parameter u; is such that pAt + 0(Af) gives
the probability that a given combination is actually
transformed to the other side of the chemical equa-
tion in time (f, ¢ + At), where this expression is
independent of ¢, At is an infinitesimal time inter-
val, and O(At) is a higher order infinitesimal such
that lim 0(Af) _

At—=0"Ar

Depending on the particulars of a given reaction,
the parameters y; may be introduced in a variety
of ways corresponding to different rate-theoretic
partitionings of the deterministic rate constants
(from which the quantity u; At + 0(At) is deducible
with added physicochemical meanings). The
second axiom has reference to this.

A-2.—The parameters u; of the stochastic model
correspond to the rate constants, the A’s of the
deterministic model, and exhibit similar dependen-
cies on the physical factors of the reaction and of
its environment.
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A-3.—The probability of more than one individ-
ual molecular transformation of a given kind is
of the order of infinitesimal Af, so that in the limit
as At — 0, this probability is negligible.

This axiom is an important determining factor
in the final specification of the stochastic process.
It corresponds to the simplest mathematical inter-
pretation possible which leads to the kind of con-
sistency just referred to. This, together with the
linear dependence on At of the various probabilities
such as w;At + 0(Af) and axioms 4 and 5 below,
makes possible a mathematically tractable com-
binatorial analysis of the events of reaction. Since,
in the determination of the final distribution [expres-
sions (9) or (10)] all of these statements are con-
sidered in the limit as At — 0, this axiomatic
requirement is not as stringent as would appear
from considering time intervals of ordinary (non-
infinitesimal) lengths At.

A-4.—All possible potentially effective combina-
tions of molecules of the kind spoken of in axiom
1 are regarded a priori as “equally likely.”

A-5—Individual jointly occurring molecular
transformation events are assumed to be statisti-
cally independent.

This axiom provides that the probability of a
total reaction event made up of a number of
jointly occurring events (i.e., all oceurring in an
infinitesimal time interval [¢, ¢ 4+ At]) is calculable
by multiplying together the probabilities of all
joint events.

Here, as in the deterministic treatment, inter-
relationships between the original random vari-
ables obtainable from the stoichiometry and initial
conditions lead usually to a reduced or canoni-
cal set of random variables, say p < » in number.

6. StocHASTIC TREATMENT OF THE Basic
MicuAELIS-MENTEN (1913) ExzyMe KiNkTIiCS

The specific action of an enzyme, E, on its sub-
strate, S, initiates a Bernoullian (Feller, 1950) chain
of random physical and chemical events culminating
in the decomposition of substrate to products as
thel final event in the random chain. More specifi-
cally:

(a) The reaction process begins with random
intermolecular collisions between molecules of all
types promoted by the unpredictable erratic
Brownian-like motions of the molecules in the
reaction mixture. Thus, a priort, it is possible to
assign a probability to the effective collision between
an arbitrary pair of enzyme and substrate mole-
cules. Moreover each such collision must occur
randomly on the time-scale of the reaction in a
manner which resembles the physicist’s Poisson law
of rare events.

(b) Once an effective collision between unlike
molecules takes place, resulting in the formation
of a complex enzyme-substrate molecule, this
molecule intramolecularly passes in random fashion
through a succession of various discrete energy
level transitions describable in probabilistic terms
as random walks (Feller, 1950; Doob, 1953). There

Biochemistry

are two possible eventual outcomes, corresponding
to “absorbing barriers” in random-walk theory,
with which there are associated probability
weights: (1) either the complex molecule passes over
the potential energy barrier and decomposes into the
products of reaction, returning the enzyme molecule
to its normal quantum range, or (2) the molecule
falls back into the potential energy hole and dis-
sociates, allowing the enzyme and substrate mole-
cules both to return to the first stage of the random
collision process.

(¢) Clearly, if a long chain of intermediate forms,
as in current theories of enzymatic mechanisms
(Hearon, 1952; Lumry, 1955, 1959; Boeri, 1960),
is conceived as separating the original reactants
from the effective enzyme-substrate complex form,
the randomness of the process is increased and, in
greater detail, would be representable as a chain
process (with or without branching).

Because of the random quality of the various
events enumerated, the axioms of the stochastic
kinetic theory can be applied to obtain an over-all
stochastic model of the enzymatic reaction. The
complexity of such a model depends on the com-
plexity of the probability-sample space chosen.
This 1s an arbitrary matter which is governed by
the number of details of the random aspects of the
process which makes for a feasible and mathemati-
cally tractable stochastic model. The least degree
of complexity justifiable has been tried in most
applications so far. In the present instance the
number of probability parameters has been kept
to a minimum, namely, three: u;, s, and us.

(a) The “Association”’ Parameler u.—First of all,
from the point of view of collision-theory, suppose
that at time ¢ in the progress of the reaction there
are present n, molecules (per constant volume) of
free enzyme E and ms molecules of substrate S,
then the number of collisions between E and S
molecules taking place in the interval (¢, ¢ 4+ A?)
equals (Strutt, 1912; Trautz, 1916; Lewis, 1918;
Glasstone et al., 1941; Tolman, 1950):

Ni = (8 ~ K T>1/2 dia? ny ny At 4+ O(AL) (11)

maz

where dy = % (dv + da)

di = average diameter of an enzyme molecule
d: = average diameter of a substrate molecule
K = Boltzmann’s constant
T = absolute temperature
m m; Ma
2 = T
! my 4+ n
mi = average mass of enzyme molecule
ms = average mass of a substrate molecule

and where N, is assumed to be taken to the nearest
integer. The probability that a given collision
which takes place in this time leads to an enzyme-
substrate complex ES mav be set equal to the
very small constant Pe—%X7 where P is a constant
and e is the critical activation energy. This proba-~
bility is taken to be invariant of the process,
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Treating each of these collisions as a “Bernoulli
trial” (Feller, 1950) with probability Pe~¢XT of
“success’” (i.e., of complexation), and a probability,
1 — Pe~</KT of ‘failure,” then the probability of
formation of a single complex in this time is given
by:

(‘7\112) (Pe~e/ET) (1 — Pe~e¢/XT)Nw™d =~
8 v KT

mia

Pe-e/KT ( ) / dt myme AL+ 0(AD,  (12)

a reasonable approximation if Pe—<k7T ig “small”
(where the first ( ) is the symbol for “‘combinations
of””). The probability of formation of more than one
such molecule in this time is negligible; this fact
can be shown in similar fashion. E.g., the proba-
bility of two such formations would be:

(lez) (Pe~e/KT)2 (1 — Pe~e/KT)N12=2 (13)

2
so that for small probability Pe—</KT it is un-
necessary to consider the possibility of more than
one enzyme-substrate association over an infini-
tesimal time interval. The same effect may be
achieved by postulating that all possible associa-
tions are to be treated not only as equally likely,
a priori, but also as mutually exclusive in the
probabilistic sense. In this case the law of addi-
tion of probabilities applied to the totality of Nis
possible complexations leads to the same expression
(12) for the probability of a single effective collision
in the prescribed time. In any case, the collision-
theoretic probability parameter u; becomes the first
part of the right-hand side of (12); i.e., by defini-
tion,

T l/
i = Pe-/KT (—S—ﬂl) ! di?
s

(14)

Accordingly, the probability of complexation in
time (¢, t + At) will be written more conveniently
as

[mmne At + O(AL)].

Alternatively (Bartholomay, 1961), the basic
parameter p; may be introduced without any
specific physical connotation; i.e., axiomatically,
as in axiom A-1, without deriving it from collision
theory. Once expression (15) is obtained in this
fashion it may of course be repartitioned along the
lines of collision-theory or, in fact, of absolute rate
theory (Bartholomay, 1960a).

The simplest probability space and most general
expression results from the direct axiomatic pro-
cedure, which is deducible as follows. If at time
t there are n; molecules of free enzyme and m,
molecules of substrate, then there are nyn, possible
pairings, each of which is a potential enzyme-
substrate complex. According to the axioms, an
arbitrarily small (infinitesimal) interval of length
At is considered so that in the subsequent interval
(t,t + At) no more than one of these will be realized.
Thus nn. mutually exclusive random events are
to be considered. If w At 4+ 0(Af) represents the

(15)
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probability (the same for each pairing) that any
given pairing becomes an actual complex in this
time, then nn, mAt + 0(Af) is the probability of
obtaining one such conversion in this time.

(b) The Dissociation Parameter us. As in the
general stochastic model for unimolecular reac-
tions (Bartholomay, 1957, 1958, 1959; Bharucha-
Reid, 1960), it is reasonable to suppose that
if ng enzyme-substrate molecules are present at
time ¢, in a subsequent infinitesimal interval
(t, t + At) each of the n; molecules has the same
probability w.At + 0(At) of dissociation. Again
these can be treated as mutually exclusive events,
in which case the probability of a single dissocia-
tion in time (¢, ¢ + At) would be wansAf + 0(AD),
and that of more than one dissociation would be
of the order of At, according to the axioms.

(c) The Decomposition Parameter u3. In similar
fashion, the probability of securing a decomposition
in time (¢, ¢t + At) from the n; molecules present at
time ¢ is taken to be wugnzAt + 0(Af).

The parameters ps, p3 may be put on a similar
collision-theoretic basis as u, say, by invoking the
Lindemann-Hinshelwood (Lindemann, 1922; Hin-
shelwood, 1927) mechanism of first-order kinetics,
so that in all cases the parameters exhibit the same
kind of dependency as their deterministic coun-
terparts, the rate constants.

The derivation of the stochastic difference-
differential equation of the process:

fe}
5 p(nyne g, M) pype,us; 1) =

f(nyneyne e puuus; t)  (16)

* ny is the number of molecules of product P formed.

is considered next.

This can be simplified by taking advantage of
interdependencies (vide infra) between the four
variables, which reduce the last equation to:

______ap(?;:»tna; t) = f(n,na, w,usus;t)

(17)
(The w’s will be omitted subsequently in proba-
bility expressions for convenience in writing.)
Thus, where n4, (¢ = 12,34) is the initial
concentration of each substance involved,

Ny = N — N3

ny = Ny — (N2 + n3) (18)

By means of equations (18) all expressions involving
n, and ns can be rewritten in terms of the two
14 ] 2 ]

canonical’” random variables n, and n;. The
ranges of the various variables are the following:

0 < € no <K nyp (19)
0 €< ne € N (20)
0 < n3 € np (21)
0 <m < mo (22)

In setting up the difference-differential equation
first an expression for [p (ne,ms; ¢ + A) — p (na,ns; t) ]
is obtained indirectly. Then this is divided by At.
The resulting differerrce-quotient passes to a limit
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%Zt? (ng,ng, t) as the infinitesimal At is made to
approach zero.

To obtain an expression for [p (no,ns ¢t + Af)
— p (ng,ma; t)] it is necessary to assign probabilities
to the various transitions which, starting at time
t can lead to values ng,ny at time ¢ 4+ At.  Since the
assumptions made dictate that these variables can
either decrease by one, increase by one, or remain
fixed in this time, a prior{ there are nine states
allowable at time ¢ which could lead to the values
ns and n; of the substrate, enzyme-substrate varia-
bles At later. In other words, the following tran-

sitions have to be considered:
(state at time ) (state at time t + Af)

(na, ng-1)

(ng-1, ng)
(ng-1, ng -1)
(ng + 1, n3)
(ne+ 1,4+ 1)

Ey: (ng, ma + 1)

(g ,n3) (23)

By (ng-1,n3 + 1)
Ey: (na2, ny)
Eg: (na + 1, n3-1)

The first five can be ruled out as having negligible
probabilities (Bartholomay, 1961), but the remain-
ing four transitions represent mutually exclusive
events which can lead to the state (ns,n;) at time
t + At It is therefore necessary to obtain de-
tailed expressions for the probabilities of E,, E,, Es,
E;. The derivation of the first of these only will
begiven; P (E\) = Pr {nyns; ¢+ Atlnans +1; ¢}
the conditional probability that if the random
variables involved have values n,, n; + 1 at time
t, then they have the required values ng, n; at time
i+ Al

The event E, comprises the joint occurrence of
four independent composite events Ey, Ep, Ei,
Ey, the probabilities for which may be expressed
in terms of the over-all probability function
p (nsyms; t) as follows: (1) En: the presence of n.
molecules of substrate and n; 4+ 1 molecules of
enzyme-substrate,

P(Ey) = p(nems + 15 1)

(2) Ey: the decomposition of one molecule of ES
in time (¢, ¢ + Af) (implying the joint transitions:
n3+ 1-’723,711'— 1—>n1,n4 - 1—*714)

P (Ep) = (ns + 1) uz At + 0041

(3) E: no additional enzyme-substrate complex
formation in time (¢, ¢ + At).

Since at time ¢ there were n,—1 molecules of £
and n, of S, the probability of the formation of a
complex in this time equals (ny — 1) ns w At +
0(Atf). Hence the probability against this,
P (Ey;), is given by

(24)

(25)
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P(Ey) =1 — (m — 1) no u At + 0(AL), (26)
or P(Ey) =1 — (np — ns — 1) nay At + 0(AL)  (27)

(1) Fu: No dissociation of the existing complexes.
Thus

P(Ey) =1 — (ns + 1) p At + 0(AD (28)
Therefore,
4
PE)=][PEYH=
=1
p(nens + 1; 0)-(ns + 1) wsaAt + 0(A1) (29)

Similarly,
P(E)) = Prinans; t + Aflne — 1,3 + 1; t} =
pin: — Ling + 1, 1) (ng 4+ 1) pe AL 4 0(AL)  (30)
P (E)) = Pr {nyny t + At|nsyng t} =
p (nayng, O — (e — n3) ne AL —
(w2 + ma) na At + 0(A5)]
P(E) = Pr {nyns; t + At + 1,n3 — 15t} =
pre+ 1,0 — 1, 8) L (mo — ng + 1)
(n2 -+ 1)At + 0(AL)]

(31)

(32)

Since these mutually exclusive events E;, E. Ej,
E, exhaust all possible alternatives for arriving in
time (¢, t + Af) at (ny, na, na, na); or simply, (ns,n3):

4
p(nems; L+ Ay = D P(E) =
7 =1

p (neyns + 1, 6) (ns + 1) us At +
pne — Lyng + 1; ) (ns + 1) w2 At +
p (neyns; D1 — (mo — n3) no oy — AL
(w2 + padns At + p (n2 + 1,15 — 15 1)
[(mo — ns + 1)(n2 + 1) m At] + 0(At) (33)

Subtracting p (ne,ms; t) from both sides of this
expression, dividing by At, and passing to the limit
as At = 0O gives finally the stochastic difference-
differential equation of the basic enzymatic reaction:

MES?S"Q = wi(ng + 1) p (noyne + 1;6) +

pns + 1) p(ne — Lng + 150) —
nupa(nie — na) P (a,Ma; £) — (po + ws)na p (nayna; §) +
wlng + D (no—ns+ Up(na+1,m5 —1; £) (34)
This, in turn, may be shown to be equivalent to

the following second-order partial differential
equation of the process:
Q 0
O_f = (3 + p2 S — p2 83 —#383)£+
o] 92
N0 w1 (832 — 82) gsf + sz (82 — 83) 55 5’83 (35)
n20 N1 .
where ¢ (s2,85,8) = 2 > plng,ng t) 885" 18
ne=0 n3s =20

the “probability generating function’ of the process
and s., s; arbitrary variables.
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7. COMPARISON WITH THE CLASSICAL
DEeTERMINISTIC THEORY

Either of these equations is at the least equiva-
lent in information value to the system of differen-
tial equations which comprise the classical deter-
ministic model underlying the Michaelis-Menten
or Briggs-Haldane theory, with which they may be
compared. Corresponding to the Michaelis-Menten
system of stoichiometric equations?

ky

E+ S8 ES

ks (36)
ky
The system of differential equations is as follows:

dg _ .
—d'[’— = Al [E] [‘S] +
(k2 -+ k3) [ES] (37)
Classical 4 18]
ordinary 2L = [y [ES] — ki [E]IS] (38)
differential di
equations d1ES)
of the basic =k [E][8] — (ks + ky) [ES]
enzymaic reaction | At (39)
apP _
dt ks ES] 0

In particular, the pair (38), (39) is referred to as the
system of canonical equations (Bartholomay, 1960a).
Neither in this case nor in the stochastic case has a
general integral solution been obtained. However,
the consistency between the stochastic and the
classical theory may be demonstrated as follows.

The average or mean values of the random
variables n, and n; with respect to the over-all
distribution function are by definition

720 70
no(t) = Z 20 mep (mamet) (1)
=0 na=20
720 i
D = 2 2 mp(mmid (42)
nz =0 ns =20
Differentiating with respect to time gives
d 7 % % op (ng,ns; t) )
ar - ny = — (43)
dt ne=0 n3 =0 ot
- n20 nio a ), :
%—3 = > X —”(—"a't"‘ D (49

ne=0 n3 =0
Substitution of expression (34) into (43) and (44),
after algebraic rearrangements, leads eventually

to:
d ';-Z 720 nio
dt- = Z Z ng p(nzns t) —
n =90 n3 =
nio
Z Z (nyy — nadne plnayns; 1) (45)
=0 nm =
{
d ’.1.3 n20 ni
I T Z Z (nio — n3) na plngng t) —
a ne =0 n3 =20
131 710
(u2 + ps) Z Z nsp(ns,ns t)  (46)
ne =0 na =20

2 k, here corresponds to k_; in the general formulation of
section 3; and X; here to k..
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which amount to:
d 7z _ —_—
dat = us Mz — M1 M Ne (47)
dn — =
'ﬁ = ne — {p2 + ua)fis (48)

The forms of these equations are exactly those of
the deterministic canonical equations. In fact,
substituting for ui,us,us the constants kyks ks, and
for the stochastic mean values n; and nyn,, the or-
dinary deterministic concentration variables [ES],
[E][S] reduces (47) and (48) to equations (38) and
(39) of the deterministic model.

9. GENERAL DiscussioN

The stochastic model for Michaelis-Menten
kinetics obtained here illustrates the meaning of
the “consistency in the mean’ eriterion mentioned
earlier. Because of the agreement of the central
tendency of the stochastic process with the determi-
nistic time course, it follows that data which support
the deterministic equations of the Michaelis-
Menten theory will also support the stochastic
model. In addition, the stochastic model pro-
vides a more appropriate mathematical framework
for the probabilistic aspects of kinetic theories such
as the collision theory and the modern absolute
rate theory. It raises the question of the meaning
of ‘“‘reproducibility” in dealing with reaction mech-
anisms by demonstrating mathematically that the
randomness associated with initial inter- and intra-
molecular events must be taken into account in
considering the eventual time course of the con-
centration states of a reaction process. Conse-
quently, tnherent trreproducibility should be con-
sidered alongside, but independently of, the im-
precision of experimental methods (or experimental
trreproductbility) in judging the value of a method
and the fit of a theoretically proposed biochemical
mechanism to data.

According to the stochastic theory, then, even
discounting experimental error, kinetic data ob-
tained in a single experimental run will always
exhibit random fluctuations around the central
tendency of the reaction process; they describe a
sample curve of the reaction process. The most
careful statistical analysis of data consequently
would have to take into account the extent of
inherent irreproducibility. As the mathematical
theory for such processes develops further along
numerical lines, expressions may be found for the
extent of inherent variation to be expected. Since
this cannot be determined experimentally, further
progress rests on further numerical analysis and
extensive computation using the formulas given.
At the same time it should be emphasized that the
difficulty of the mathematical situation is really
no worse here than in the classical theory introduced
half a century ago. A closed solution of the canoni-
cal system of equations (38) and (39) has never
been obtained, and the field has had to develop
along approximate lines. Because of the corre-
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spondences between the classical and the stochastic
formulation there are really common mathematical
problems to be solved.

Since the classical equations are deducible from
the stochastic equations, and not conversely, the
stochastic equations contain more information.
This is evident from the fact that the classical non-
stochastic theory allows one to say nothing of
fluctuations whatever—probabilistic considerations
lie outside of the realm of the theory. Thus the
stochastic approach is much more congenial with
the methods of theoretical physics which have been
brought to bear on reaction rate theories already.

Furthermore, passage to the limit, as t = o, of
the total distribution of the process allows one to
envisage a Kinetic approach to the equilibrium state
using the same mathematical considerations which
underly the statistical thermodynamics of the
equilibrium state—so that there arises the possi-
bility of a general homogeneous statistical theory
for treating the entire reaction time course.

While the present stochastic equations have not
been studied extensively enough to demonstrate
the point, previous stochastic studies (Bartholo-

k1
may, 1957) of the simple reversible process A = B

2
have led to the derivation of the probability dis-
tributions of 4 and B at equilibrium; d.e., the
definition of a stochastic equilibrium state which
corresponds in value to the ordinary equilibrium
concentration specified by the deterministic theory.
The variance of the distribution at equilibrium of
the random variable n corresponding to species 4

== Mipe Mg
was shown (Bartholomay, 1957) to equal PRESAY
where puj,ue are the stochastic parameters of the
process and 7, the initial value of n. Thusif u =
w2, the standard deviation of the equilibrium state
would be /527y (in agreement with the “+/n
law,” vide infra). According to this theory, then,
it is more accurate to speak of a whole range of

equilibrium values, as opposed to a single value.
Finally it should be remarked that the connection
noted between the stochastic equations and the
deterministic equations (i.e., the latter is the aver-
age value of the former) has been found to hold in
other chemical reactions studied as well (Bartholo-
may, 1957-1959; Bharucha-Reid, 1960). Since,
in the derivation of the stochastic equations, the
law of mass action has not been invoked as a start-
ing point, and because of the mean-consistency of

Biochemistry

stochastic with deterministic results obtained by
application of the mass action law, it can be con-
sidered that the general formulation proposed
amounts to a statistical reformulation of the law
of mass action. This point of view is consistent
with general comments made by Schroedinger
(1945) on the approximate nature of scientific laws.
In fact, the orders of magnitude of various sto-
chastic distributions (such as the equilibrium dis-
tribution mentioned in the previous paragraph)
obtained agrees with his “+/n law of error.”
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